Pozain 8

JIBOTOYKOBI KPAWIOBI 3AJIAUI IS
JITHIMHNX JTNOEPEHITIAJILHIIX
PIBHIHDL JIPYTOT'O TIOPAIKY

8.1 IlocraHoBKa 3araJibHOI ABOTOYKOBOI KpaiioBoi 3aaadvi. Tunmu aBo-
TOYKOBUX KpaiioBuX ymMoB. Teopema Ipo ajibTepHATUBY.

Posriisinemo miniiine udepeniiaabie piBHIHHS JPYTOrO MOPSJIKY BUTY
pt)u” +r(t)u + h(t)u = f(1), (8.1)

e p, 1, h, f— dyskiil, vHenepepsri Ha npoMixkky |a,b], 1 p(t) # 0 upu t € [a,b]. 3ri-
nuo 3 dopmystoo Ko s siniitnux audepeniiaabHux PiBHAHD KOXKHUM PO3B’I30K I[HOTO
piBHsIHHS TIpH Oynb-AKOMYy tg € [a,b] Mae HacTymHUiA BU

t

u(t) = e1(t, to)ulto) + colt, to)u'(to) + /Cg(t, T)f(T)dr,

to

B sikoMy bYHKIHT ¢4 (¢, 7), co(t, 7) upn dikcoBanomy 7 € [a,b] € po3B’s3kaMu BimoBigHOrO
OJTHOPIIHOTO AudepPeHIiaJIbHOI0 PIBHSIHHS, 110 38/I0BOJIBHSIIOTH ITOYATKOBI YMOBH
801(75,7') 862(t,7')

alt,n)|,., =1, ——| =0, co(t,7)|,—, =0, 5

= 1.
ot

t=1 t=1

[Ipu oMy co(t, 7) masumBarors dyukiieo Komn mis ogropinaoro piBusiams. [licas 3na-
xo/KenHst GYHKINH ¢ (t, T), co(t,T) maHa dopMysia J03BOJISE 3alUCATH BUTJISI PO3B A3KY
Oyab-sikol 3aa4i Ko 3 mouaTkoBUME yMOBaMH Yy TOYIN t .

[MI06 copMmymroBaTH TOCTAHOBKY 3araJibHOI JBOTOYKOBOI KpaitoBol 3aadi s audepeH-
iabHOro piBHAHHS (8.1) 3BeIeMO 1ie piBHAHHS J0 cucTeMu, mokaaaaoan u(t) = x1(t), u'(t) =
xo(t) . B pesyabrari Oymemo Martu

—
Ty = T2,

gy =20 g, 4 1O



abo cucremy JHHIHHUX TudepeHIia bHuX PiBHAHb Y BEKTOPHO-MATPUYIHiil (hopmi

() =ro () v,

0 1 0

P t — s t =
Q h(t) r(t) ! f(®)

p(t) p(t) p(0)

BiamosizHo 10 Teopil JiHITHEX KpalloBUX 3a/ia4 3arajbHa JIBOTOYKOBa KpaiioBa 3a/ada Jijst

Il(t)

TAKOI CHCTEMHU CTABUTHCSI HACTYITHUM YMHOM: 3HA#TH PO3B’si30K z(t) = < 2o (t) ) CHUCTEMU,
2

e

110 3a/I0BOJIBHSE YMOBY
ai; Q12 1101((1) + bir bi2 Il(b) _ ([ “a
Q21 A22 73(a) ba1 b2 $2(b) C2
a111 (CL) + (1121’2(@) + bnl’l (b) + blgl‘g(b) = (y,
a91T1 (Cl) + CLQQQZ’Q(CL) + bgll'l (b) + b22$2<b> = Cg,
ne a;, by (1,5 =1,2), ¢ (i =1,2) — aiifcui crasi.
Ockimpku x1(t) = u(t), x2(t) = ¥/ (t), TO IPUXOIUMO IO BUCHOBKY, IO 3arajbHa JIBO-
TOYKOBa KpaiioBa 3aja4a Jyisl JiHIHOTO judepenniaibHoro piBHstaHs (8.1) craBUTHCS Ha-

CTYITHUM YHHOM: 3HAWTU PO3B’sI30K JudepeHIiaabHoro piBHsaHH (8.1), sKuil 3a0BOJIHHSIE
YMOBH

abo

anu(a) + arzt () + buu(b) + bigu/ (b) = c1,
(8.2)
azu(a) + axu'(a) + byru(b) + o' (b) = ¢,

ne a;j, by (1,7 =1,2), (¢ (¢ =1,2) — miitcni crasmi. IIpn mpomy Takoxk Tpeba mpuiryckarn,
1o JIiHiiHI dhopmu

L,(u) = ailu(a) -+ aigu'(a) + bzlu(b) + bzgu/(b) (Z = ]_, 2)

€ JIHIHO He3aJIeXKHUMU
BaxkmBuM 9acTUHHUM BUIIQJIKOM IIMX YMOB € YMOBU BU/LY

au(a) + Bu'(a) = ¢, yu(b) + 0u'(b) = ca, (8.3)

e o2+ 52 >0, 2 +62>0, ¢, ca — aifieni crani. Taki yMOBE Ha3UBAIOTH PO3IIEILICHIMI
(TyT OKpeMo 3aJ1a10ThCsl YMOBH y TOUIl @ 1 okpemo y Touri b ). Haitbiibin npoctumu 3 HUX
€ YMOBH

u(a) =1,  u(b) = co. (8.4)

[Tpukiasom HEPO3MIENIEHNX KPAlOBUX YMOB € YMOBH
u(a) =u(b), u'(a)=1u'(b),

dKi 38J1a10Th 11ePIOIMIHY KpalioBy 3a/1ady.



3 3araJbHOTO BUJY JIBOTOYKOBUX KpaioBHX yMOB (8.2) MOXKHA 3a paxyHOK BHOODY KOe-
dbimientis a;;, b;;(i,7 = 1,2 orpuMarn i 3HAYHY KiTbKICTH IHIMX ABOTOYKOBUX KPaloBHX
YMOB.

Ha sigminy Bim mouarkoBol 3asadi Komi 3araspra JBOoTOYKOBa KpaiioBa 3amada (8.1),
(8.2) moxke MaTu ofuH abo GaraTo po3B’si3KiB, a MoxKe 1 He MaTu po3B’s3kiB. Hampukiiag,
3ajiada

W' +u=0, wu(o)=0, u(%) =a

Ma€ euHII po3B’s30K u(t) = asint, a 3a1ada
v +u=0, wu()=0, wu(r)=">

y BunaJky b # 0 He mae po3s’s3kiB( ockiibku Bel poss’sizku, s skux u(0) = 0, MaoTh
Byt u(t) = csint inpu ¢t = 7 BOHM JOPIBIOIOTH HYJIIO), a y Buliajgky b = 0 Mae HeCKiHUeHy
MHOXKUHY PO3B’si3KiB u(t) = csint, jge ¢ —Oyib-sKe JUCIo.

[Topsit 3 3arajbHOIO TBOTOYKOBOIO KpaiioBoro 3ajateio (8.1), (8.2) OymemMo TakoxkK pO3IJisi-
JAaTHA BIIIOBIJIHY /10 HEl OJTHOPITHY KpailoBy 3ajiady

p(t)u” + r(t)u + h(t)u = 0, (8.1p)

aju(a) + apu'(a) + byyu(b) + bou/(b) = 0,
(8:20)
asiu(a) + ageu’(a) + bayu(b) + bosu/(b) = 0.

Teopema 8.1 (upo ambrepHaTuBy). /las deomoukosoi kpatiosoi 3adawi (8.1), (8.2) mo-
oHCAUBE MinvKky dea eunadku, abo 1) 3adaua mae edunutl po3s’a3ok npu 6Ydb-AKUT NPABUT
YACMUHAT 8 PIBHANHT T KPATOSUT YMo8ax, abo 2) 00HOpioHa Kpaliosa 3a0a4a MAE HECKIHYEHY
Kiavkicms po3e’saskis, a neodnopiona sadava (8.1p), (8.29) npu deaxur npasur wacmunax
MAE HECKINYEHY KIADKICTG PO36 A3KI6 G NPU BCIT THWUT — HE MAE PO36 A3KIG.

Jdosemenns. 3araapbanil po3s’s30K audepeniiaabHoro pisasgaus (8.1) mMae Buj
u(t) = crur (t) + coua(t) + v(t), (8.5)

Je up, uy — JIHIAHO He3asIeXKHI PO3B’S3KM BiJIOBIIHOTO OMHOpiAHOrO piBHsIHHSA (8.10), v
— JacTUHUN PO3B’sI30K HEOJHOPiIHOTO piBHsAHHA (8.1), ¢1, ¢o — A0BinbHI crasi. 3 1iel MHO-
JKIHN Tpeba BU3HAYUTH Ti, IO 3a/I0BOJILHAIOTH Kpaiiosi ymosu (8.2). Ilincrasnsioun (8.5) y
(8.2) 1 mepenocitouy 3HAYEHHsI ¥ y MPaBy YaCTUHY, OTPUMAEMO CHCTEMY JIBOX JIHIHUX ajre-
OpalaHuX PiBHSHB BiIHOCHO 1, Co . KoedimienTn 1iel cucreMn 3aje:KaTh TIJIBKU Bijl 3HAYEHD
Uy, Ug Y TOUKAX @ i b 1 He 3aj1€2KaTh BiJl TPABUX YaCTUH YACTUH PIBHAHHS i KPAlOBUX yMOB.
Axio jlana KpaiioBa 3ajada € OJIHOPIIHOIO, TO TO IPaBi YaCTUHH aJredpaldHuX PIBHAHB J10-
PIBHIOIOTH HYJIIO.

Mo/ TuBUMU € JIUIIe JIBa, HACTYITHUX BUIAJIKA!

1) fkimo gerepMiHaHT aarebpaiTHOl CHCTEME He JIOPIBHIOE HYIIO, TO CHCTEMAa MA€ €/ THMHUI
po3B’s130K Y, ¢ npu Oyab-sikux npasux gactuaax y (8.1) 1 (8.2). Ilijcrapasoun i 3HAYEHHsT
c1, ¢y (8.5), oepKyeMo €uHmUii pO3B’A30K KpaiioBol 3a1aui.



2) dxmo merepMiHAHT ajreOpAidHOl CUCTEME JIOPIBHIOE HYJIO, TO OJHODIJIHA CHCTEMA
(To6TO TpU MpPaBUX YACTHHAX PIBHUX HYJII0) MA€ HECKIHUEHY MHOXKHUHY DPO3B'sI3KiB BiJHO-
CHO ¢1, Co, & HEOJHOPI/IHA CHCTEeMa Ma€ PO3B’SI30K He IPH OYIb-sIKUX IPABUX YaCTHHAX.
K110 BoHA Ma€e po3B 130K, TO BOHA Ma€ HECKIHUYEHY MHOXKHHY PO3B’sI3KiB, OCKIJIBKH JI0 11bO-
o PO3B’I3Ky MOXKHa J0JAaTH Oy/Ib-IKUI PO3B’SI30K OIHOPIIHOI CHCTEMH, ITOMHOXKEHUI Ha
Oyab-saky cramy. s Oyab-gKoro Habipy CTauX Ci, Co, IO 3aI0BOJIbHSIOTH aaredpaldHy
cucremy, dopmyia (8.5) mae po3s’sa30K KpaiioBol 3a1a4i. st pisHux HAOODIB cTamx cq, ¢y
Il pPO3B’I3KN € PISHUMM, OCKLIBKH U1, Uy — JOHIHHO He3aJIexKHi.

3 1) i 2) BUILINBAE CHPABEINBICTH TBEP/2KEHHST TEOPEMHL.

SayBaxkenus 8.1. 32idno 3 gopmyaoro Kowi das ainitinozo neodnopionozo dugpepeniyi-
anvH020 PisHAHHA (8.1) 6Ydv-AKull Po36°A30% 4020 PIGHAHHA 3 NOYAMKOSUMU YMOBAMU Y
mouyi to = a Mmootce 6Ymu 3anucarum Yy 6udi

de up(t) = ci(t,a), wus(t) = ca(t,a) — ainitino nesanescri po3s’asku 00HOPION020 PIGHANHA
(8.1p) , wo 3a0060ALHAIOMD NOUAMKOST YMOBU

oft) = [ eat.r)s (o),
a
Ci1 =ula), Cy=1u(a). ¥ 36’a3ky 3 yum npu dosedeni meopemu 6 axocmi (8.5) mooicna
6ya0 obpamu Pynkyito (8.6), 6 axid esice idomuti wacmunul po3e’asok v(t) neodnopidnoi
cucmemu piehans (8.1), zadososvnsaowui ymosy v(a) = 0. Ipu yvomy npu po3s’szarmi
anzebpaivnoi cucmemu pishans eidnocro Ch, Cy ompumysaniu 6 nowamxosi ymosu u(a) i
u'(a) pose’asky kpatiosoi 3adavi (y 6unadky 020 iCHYBAHHA).

ITPUKJIAJT 8.1. 3uaiiTu Hitmenine 3 Takux duces b > 0, mo 3a1a4a
u' +0*u=0, u0)=7 wu(l)=-7 (8.7)

HE Ma€ PO3B sI3KiB.
3a reopemoro 8.1 3amada (8.7) He Mae PO3B’A3KiIB, KOJIM OJHOPIIHA 3a/a4a

' +b0*u=0, u0)=0, u(l)=0
Ma€ HEeHYJIbOBUI po3B’sa30K. DyHKIIT, /11 TKUX
" +bvu=0, wu0)=0, u(0)=0,

MaroTh BT u(t) = csinbt . o6 npu ¢ # 0 6ymo u(1) = 0 Tpeba BukonauHs piBHOCTI Sinb =
0, robro b=, 2w, 3rm,.... Ilpu nux 3HAYEHHIX b MaeMO JAPYTrUil BUNIQJIOK aJIbTEPHATUBH.
Takum ansOM, npu 1ux b 3aja4a (8.7) abo He Mae PO3B’sI3KiB, a00 Mae HECKIHYEHY KIJIbKICTh
PO3B’g3KiB. fKa 3 1UX MOXKJIMBOCTEN 3IHCHUTHCA Tpeba MePEBIPUTH.



IIpu b = 7 3arajbHNil PO3B’SI30K PIBHAHHS Mae€ BHJ, U = ¢1cos7t + cosinwt. Orke,
u(0) = ¢1, u(l) = —¢y. llpu ¢; = 7 1 Gyap-akomy ¢ u(t) € poss’askom 3azgadqi (8.7).
Opnak morpibHo, mob po3s’a3Ky He icHyBajo. Ilpu b = 27 3arajabHuil po3B’s30K Ma€ BUJ,
u(t) = ¢ cos2mt + cosin2nt. Toni w(0) = ¢, wu(l) = ¢ 1 3a70BOIBHATH OOH/IBI yMOBI
u(0) =7, wu(l) = —7 me MOXKINBO, TOOTO PO3B’A3KIB HeMa. TaKMM YMHOM, BiIIOBIIBIO €
b=2r.

8.2 ®dynkmnisg I'pina ogHOpigHOT KpaiioBol 3a/1a4i. TeopeMma npo oHO-
3HAYHY PO3B’43HICTh 3arajibHOl ABOTOYKOBOI KpaitoBol 3ajadi

Osnavenns 8.1. Qynruyia ¢(t,7), eusnauena npu t € la,b], 7 € |a,b] Hazusaemvca
dynruiero I'pina 0dnopionoi kpatiosoi sadawi (8.1¢), (8.20), Axwo 6ona mae nacmynii 6aa-
CMUBOCMI:

1. Qynruyin g(t,7) nenepepena 6 [a,b] 3a aminnoro t, a wacmuna noxiona g,(t,T)
nenepepsha 6 [a,b] 6ctodu 3a suraouenHAM Mowky t = T, de 60HG MAE PO3PUE NEPULO2O
pody 3i cmpubKrom

1
p(r)’

2. u=g(t,7) 3adosorvhac ecrodu 6 |a,b] 3a surmovwennam mowku T AnIiHe 00HOPIOHE

pisnanma (8.1g) i odnopioni ymosu (8.2) .

gi(T+0,7) = gi(r = 0,7) =

3 TeopeMu PO OJIHO3HATHY BUPIINIYEMOCTH 3ara/ibHOI JIHITHOI KpailoBol 3a/BUi /I CHU-
CcTeMHU JIHIHHUX JudepeHItiaIbHIX PIBHIHDb 0€3110CePE/IHBO BUILINBAE HACTYITHUN PE3YJIbTaT
JUTsL 3araJIbHOI JIBOTOYKOBOI KpaitoBol 3a1a4i (8.1), (8.2).

Teopema 8.2 (mpo oHO3HAMHY PO3B’sI3HiCTD Kpaiiosol 3aja4i (8.1), (8.2)). Jaa mozo, wob
3a2a.1vHa 060MouK06a Kpatiosa 3adava (8.1), (8.2) byara 00nosdnauo supiuyemoro Heobxiono
i docmamnvo, wob 6i0nosiona odnopiona kpatiosa sadava (8.1g), (8.29) Mmasa misvku mpu-
sianvnul pose’asok u(t) = 0. Biavw moeo, axwo odnopidna kpatiosa 3adaua (8.1p), (8.20)
MAE AuUWE MPUBLANLHULT PO36 A30K, MO P036°A30% Kpatiosoi 3adavi (8.1), (8.2) mae 6ud

u(t) = up(t) + /g(t,T)f(T) dr, (8.8)

de ug(t) — poss’asoxr kpaiiosoi 3adawi (8.1g), (8.2), a g(t,7)— dynxuia ['pina odnopionoi
kpatiosoi sadaui (8.1p), (8.2))

BayBakenusi 8.2. V gopmyai (8.8) dpynruiro ug(t) moorcrna nodamu y sudi
up(t) = cruq(t) + coua(t),

de c1,cy — mpasi wacmunu kpatiosuxr ymos (8.2), a wuy(t), us(t) — ainitno mesanesrcwi
po3e’azku odnopidnozo pisnanna (8.1g), wo 3a00604vHANOMB YMOGU

Li(w;) =1, Li(u;) =0 npu 1# .



Hacaimok 8.1. dxwo odnopiona xpatiosa 3adaua (8.1p), (8.29) Mmae avwe mpusiasorui
P036°A30K, Mo €duHull Po36°A30% Kkpaliosoi zadawi (8.1), (8.2y) npu 6ydv-axit dynkuii f €

O[a,b]; R mae sud

u(t) = /g(t,T)f(T) dr. (8.9)

iiicro, y Bumajky Kpaiiopol samadi (8.1), (8.29) dynkuis ug(t) y dopmymri (8.8) e
PO3B’sI3KOM KpaiioBoro 3a1a4i (8.1p), (8.2¢), a BiH 3ri/iHO 3 YMOBOIO HACIJIKY € TPUBIAJLHIM,
T06TO, Uu(t) = 0. 1 bopmysa (8.8) mpuitmae Bus (8.9).

BayBaxkenust 8.3. 3asnauumo, wo gymryis I'pina odnopionoi kpatiosoi sadaui (8.1p), (8.2))
BUSHAMAETNDCA 00HOZHAMHO, AKULO U 300040 MAE AUWE MPUGTALLHUL PO3E AZOK.

[Togamo Temep Jiesiki pekomenariii 1o nodyposu dyukiii ['pina.
1. ¥ Bunajky posiiemieHnx Kpaiiopux ymos (8.3) dyukiis ['pina BiamosiaHol oHOPIHOT
KpaifoBol 3aj1adi
p(t)u” + r(t)u + h(t)u =0, (8.10)

au(a) + pu'(a) =0, yu(b) + ou'(b) = 0. (8.11)

Oy/yerbest HacTynHUM dnHOM. O6upaeTbest HerpuBiaabHUil po3s’sa30K uq(t) pisasanHs (8.10),
SIKUii 3a710BOJIbHsIE Jinte Tepity (npu ¢ = a) 3 KpaiioBux ymoB (8.11), it po3B’sa30K us(t)
piBastaHs (8.10), Korpwmit 3am0BobHsIE Apyry (pum ¢ = b) 3 ymos(8.11). 1li poss’sasku €
niHiftHO HezasexHUMHU, 60 pu uy(t) = cus(t), ¢ = const # 0 byukiis u(t) # 0 Gyna 6
HeTPUBIAJLHIM PO3B’sI3KOM OJIHOPIIHOT Kpaitosol 3aja4i (8.10), (8.11), mo cymepednTts yMOBi
reopemu. OyHKIHIO ¢(t,T) MIYKAEMO Yy BUTJISAI

T)ur(t) mpu a<t<T,
g<t’T) - { zzETquEt; Hgn T <t<hb, <8'12)

ne byskiii ¢(7), ¥(7) BuOHpaThCs Tak, Mob BUKOHYBAJINCh yMOBH 1 1 2 03HaUeHHsT DYH-
kil I'pina, To6TO, 111006

Vra(r) = prun(r), () = pr () = —.

2. Y BunajKy HeposmielrieHnx Kpaiiopux ymos (8.2) dyukiio ['pina BianosimgHol 0nHODI-
quol kpaitosol 3agadi (8.1p), (8.29) mykaemo y BurvIsiii

e (T)ur(t) + cio(T)ug(t) wpn a <t <7,

g(t,7) = { e (P (£) + eon(Fun(t) T T <t < b, (8.13)

ne up(t), us(t) — dynmamentaabaa civ’s po3B’a3KiB JIHIKHOTO OHOPiAHOTO piBHAHHSA (8.2)),
a koedinientu c;i(7) (4,7 = 1,2) nobuparorses Tak, mob ¢(t,7), gk dyskuisa Bix t 3a10-
BOJIbHsIJTA JIHINHI o/fHOPiIHI KpaiioBl ymoBu (8.29) i BUKOHYBaIUCh YMOBH 1, 2 O3HAYEHHS
dyukiii ['pina.

Tenep posriisineMo jedKi TPUKJIaIu PO3B’d3aHHA KpaloBUX 3a/1ad.



IHIPUKJIAJI 8.2. 3naiitn po3B’s130K KpaiioBol 3a1adi
u' = f(t), wu(—1)=u(l)=0.

Pos3B a3 amnmnaga. llesarada 3 po3iierieHnMu KpaloBUMI yMOBaMU. 3araJibHUiL
po3B’s130K ojtHOpiHOro piBHgHHA u” = 0 Mae Bug u(t) = C1+Cst i TOMY OIHODiIHA KpaiioBa
3aJiada Mae Jiiiine TpuBiaJbHuil po3B’sa30K. OTke 1y Hel icuye dbyukiis ['pina. Po3s’s30k
ofHOpimHOTO piBHAHHSA u1(t) = 1 4 ¢ 3am0BOsBHSE Tiepiny KpaiioBy ymoBy u(—1) = 0, a
pO3B’s130K uy(t) = 1 —t — mpyry kpaitoBy ymoBy (1) = 0. Tomy dyskiio ['pina mykaemo
y BUTJIS/IL

() (1+t) mpu —1<t<T,
g(t,7) = { () (1—t) upn 7<t<1.

Oynukuil ¢(7) 1 ¥(7) 3HAXOUMO 3 yMOB

p(r)A+7)=9(r)(A =7), —4(7) —¢(r) = 1.

3Bijcu MaeMo

Orxke
(t7) = —%(1—7’)(1—1—& mpu —1<t<T,
g\LT) = —5(1+7)(1—-t) mpm 7<t<1
i PO3B’430K J1aHOI 3a/1ati Ma€ BUIJISI
1 ¢ 1

1-1t 1+t

u(t):/g(t,T)f(T)dT:—T (1+T)f(7‘)d7‘—T (I —=7)f(r)dr.

ITPUKJIAJT 8.3. Po3p’sizatu KpaitoBy 3ajady
u +u=f(t), u(0)=0, u'(r)=0.

Posw ga3amnmuaga. llasaraga — 3 posmemwiennmu Kpaitopumu ymosamu. OgHOpiiHE
piBasinast v’ + u = 0 Mae 3aranbHuil po3s’sa30k u(t) = Cysint + Cycost. Ilpu u(0) = 0
orpumyemo u(t) = Cysint. Ockinbku u/(t) = Cycost, To u'(7) = —Cy. i upu f(t) =0
3a/1a4a Ma€ JIMIe TPUBiaJbHUN PO3B’ 30K, TOOTO BUKOHAHA YMOBa icHyBaHHs GyHKII ['pina.
Oyuxrii uy(t) = sint 1 us(t) = cost 3amoBOsBHsAIOTL piBHAHHIIO u” + u = 0 1 ymoBam
u1(0) =0, uh(m) = 0. Tomy dynkmnito 'pina nrykaemo y Burisii

| p(r)sint mpn 0<t<T,
g(t,7) = { Y(r)cost mpn T <t<m.
Oyuxrii ¢(7) 1 ¢¥(7) 3 3HAXOANMO 3 yMOB
o(T)sinT =¢(1)cosT, —Y(7)sinT = p(1)cosT + 1.

3 1€l crucTeMu OTPUMYEMO, IO

o(1) = —cosT, ()= —sinT.



Tomy
(t,7) = —costsint npu 0<t< T,
IWT) = —sintcost npu 7<t<m

1 po3B’A30K J1laHOl KpailoBOl 3a/a4i Ma€ BUTJIA]

s

u(t) z/g(t,T)f(T) dr = —cost/tf(T) sianT—sintjf(T) cos T dr.

0

TaKUi came IiJIxiJT MoxKe OyTH 3aCTOCOBaHU JI/Isi KPAOBUX 3814 3 YMOBAMU Ha HECKiHYe-

HOCTSAX +00.
ITPUKJIAJT 8./. Po3p’sizatu KpaiioBy 3aj1ady

u" —u=f(t), u(t)— obmexennit Ha NpoMixKKy (—00, +00).
Pos3B g3 an#sa. 3arajipauii po3B’si30K OJJHOPIIHOTO PIBHSAHHS Ma€ BUTJISAL
u(t) = Cre™" + Cye'.

i Tomy oOMmerkeHnM Ha (—00, +00) OyJie Jimiie TpuBiaabHui po3B’a30K. Po3s 30K uy(t) = €
obMexkenuit mpu t — —o0, a us(t) = e ' — npu t — +oo. Tomy dysxmio ['pina nrykaemo
Yy BULJISTL

_Jp(r)e" mpu —oco<t<T,
g(t’T)_{@/)(T)et npu 7 <t < +o00.

Oynukuil ¢(7), ¥(7) BU3HAYAIOTHCST 3 PIBHSIHB

b(r)e” = p(r)e’,  —y(r)e” =p(r)e” +1,

3BIIKNA 3HAXOIIMO

Otxe

1 t—7
) —se mpu —oo <t< T,
g(t,7) = { —%e“t mpu 7 <t < +00.

Tomy po3B’d30K JaHOI 3a/1a9l Ma€ BUTJIsA/T

ult) = 79(7:, 7 f(r)dr = —%e‘t /t e f(r)dr — %et +/Ooe—f £(r)dr.

[Toamo 1mie mpuKIa1 KpaiioBol 3a/1adi 3 HEPO3IIEIJIEHUMH KPAlOBUMHU YMOBaMH.

IIPUKJIAJT 8.5. Po3p’sizatu niepioany KpaiioBy 3ajady

W +u=f(t), u(0)=u(r), «(0)=d(n).



P o3 B g3 amnugag. Bignosigaa ogHopiaHa KpaitoBa 3ajada Mae€ JIAIIE TPUBIAJIbHUI
posB’s130K u(t) = 0. OyHmaMenTa bHy CiM’'10 PO3B’SI3KiB OJIHOPITHOIO PIBHSIHHS BUGEPEMO Y
Ul up(t) = cost, us(t) = sint. Toxi

(t,7) = 1(7)cost+ cia(r)sint mpu 0<t <,
T = CQI(T)COSt—f—CQQ(T)SiIlt npu 7<t<n7

i ymoBa, mo ¢(t,7) npu t # T 3aJI0BOJIbHSE OJHODI/IHE PIBHIHHSI BUKOHYETHCS. 3 YMOB
g(T_'_O?T):g(T_O’T)? g;(T—i_O?T)_g;(T_O?T):l?
9(0,7) = g(m,7), g;(0,7) = gi(m,7)

JICTAEMO CHCTEMY PIBHSIHb BUIHOCHO ¢y = cip(T) (i, k =1,2):

(co1 —c11) cosT + (coo — c12)sinT =0,  ¢11 = —cay,
—(021 — 611) sinT + (022 — 012) COST = O, C12 =— —(C29.
3BIJIC OTPUMYEMO
1. 1 1. 1
Ci1 — —SInT Clg = ——=COST Co1 — ——SINnT Cog2 — — COST.
2 ’ 2 ’ 2 ’ 2
Tomy
g(t,7) = isinTcost — JcosTsint = 3sin(r —t) nmpn 0<t <7,
g(t,7) = —%SiHTCOSt—l- scosTsint = —%SiH(T —t) mpu T<t<m,
abo

1
g(t,r)zﬁsin|t—7'| mpu 0 <t,7 <.

€auHnit po3B’sI30K JTaHOI MEePiOJNTHOI 3a/1a9i Ma€ BUTJIsA/L

™

1,
u(t) = 5 sin |t —7|f(7)drT.

0
3 HaBeIeHUX BUIIE HMPUKJIAIIB KPAOBUX 3a/a9 CTAE€ 3PO3YyMIINM, IO Y BUIAJKY, KOJH s
BIJIITOBIJTHOTO JIIHIHHOI'O OJIHOPITHOTO JM(PEPEHITIaIbHOIO PIBHIHHS HE BJIAE€ThCS OTPUMATU
dyHaMeHTaIbHY CIM'10 PO3B’43KIB CTa€ yTPY/IHEHOIO 3a/lada PO BCTAHOBJIEHHS TOTO, IO
BIJIIIOBI/IHA OJTHOPi/IHA KpaiioBa 3ajiada Mae JIuIe TpUBiaJbHUiIl Po3B’d30K. Tomy HabyBae
BaKJIMBOTO 3HAYEHHS IOMIYK e(PEKTUBHUX YMOB, siKi FapaHTYIOTh BiJICYyTHICTb Yy OJIHOPIIHOT

KpaifoBoil 3asauai (8.1g) — (8.2y) merpusiasbHOro po3s’s3ky. Bkazkemo Ha ouH Kiac Kpaifo-
BUX 3a/1a4, JIJIs IKUX ICHYIOTH Taki JIOCTATHI YMOBH.

8.3 locTaTHi yMOBU OJHO3HAYHOI PO3B’A3HOCTI OHIET KpaiioBol 3a-
madgi

Posrisinemo JIBOTOYKOBY KpalioBY 3a/iady

u + q(thu = f(t), (8.14)



u(a) =c1, u(b) = co, (8.15)

ne q, [ —uemepepBHi GyHKIIIT HA TIPOMIKKY [a, b], ¢1, ¢ — aificHi cTasi, a TaKoXK Bi/IIOBITHY
JIO Hel OJHOPIAHY KPaioBy 3a/1ady

u" +q(t)u =0, (8.14)
u(a) =0, wu(b) =0, (8.15.9)

Teopema 8.3 (mpo ojHO3HAYHY PO3B’s3HIBCTE 3asadi (8.14), (8.15)). Hexat 6 inmepsani
la,b] suxonyemvcs nepienicmo

7.‘.2

(b—a)?
i 60Ha € cmpo2oto xowa 6 00t mouyi 3 yvozo iwmepsany. Todi kpatiosa 3adavua (8.14),
(8.15) 0dnosnauno eupiwyema npu 6ydo-aKit nenepepenit na npomidicky |a,b| dynxuii f
i 6ydv-axux JUCHUT CMAAUT C1, Cs .

q(t) < (8.16)

HoBepngennda. [rd moBeneHHsS HOCTATHBO IOKA3aTH, IO BiIIIOBiJIHA OIHOPIIHA
KpaitoBa 3ajada (8.14¢), (8.159) mae smrme TpuBianbanit po3s’s3ok u(t) = 0. [Ipumycrumo
cynporusne. Tosi piBasinast (8.14y) Mae HeTpUBIAIbHUA PO3B’S30K, IO 33/I0BOJIbHSIE YHOBH
(8.15¢) . IMopsi 3 (8.14p) posriissHEMO DiBHSHHS

7]_2

/i
v+ —(b — a)2

v =0, (8.17)
sike 3eisiHo 3 ymMoBoio (8.16) € maxkopanroro Ilrypma st piBusaus (8.14p) Ha TPOMIXKKY
[a,b] . Le piBrstnms Mae dyHIaMeHTATbHY CIM'10 PO3B’sI3KiB vy (t) = sin 7%, vy(t) = cos 7,
30KpeMa, pO3B’SI30K
7(t —a)

b—a ’
SAKHI € JIHIKHOIO KOMOIHAIIEI JAaHUX JIBOX PO3B’SI3KiB.

Ockinbku HepiBricTs (8.16) 5 crporoto xo4a 6 B ojuiit Touni 3 inrepsaiy [a, b[, To 3rimgHo

3 1emorio [lrypma s 6yab-skoro po3s’a3Ky v piBHaHHH (8.16) icaye aucio ty € [a, b] Take,
mo v(tp = 0 OmHax, /1J1s BKA3AHOTO BUIIE PO3B’SI3KY Uo(t) IbOro piBHAHHA MaeMo vg(a) = 0
i1 HacTymHUM fioro Hysmem € gucsio b, To6To BiH Ha iHTepBaJi |a,b[ HymiB Hemae. Orpumane
IpoTepivdsi CBIAYUTHL PO Te, IO OJHOpPinHa KpaiioBa 3amada (8.14¢), (8.15¢) mae smrre
TpuBiaabHUil po3B’a30K. Tomy kpaiioBa 3amada (8.14), (8.15) omHo3HAYHO BUpiNTyeMa IpU
Oy ib-sIKiil HemepepBHiil Ha TPOMIKKY [a, b] DyHKIIT [ 1 Oy/b-sKUX JIHCHAX CTAJIUX €1, C3 .

Uo(t) =

IIPUKJIAJT 8.6. PosristHeMO KpaitoBy 3a1ady
W' +sintu=f(t), u(0)=c, u(n)=cy,
ne f — menepepsHa dyHKIis Ha npoMikky [0, 7], ¢1, co — mijicui crami. Tyt ¢(t) = sint,

. 2 2 .
a=0,b=m i (bf—a)gz%zl. OckinbKm

q(t) = sint < lzm
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i 1 HepIBHICTH € cTporofo xova 6 B ojiHi ToUI 3 TpoMiKKy |0, 7, TO Ha MiICTaBl TeOpeMu
8.3 JaHa 3a/a4a OJHO3HAYHO BUDIITyeMa Tpu Oyib-sKiii HenepepsHiit va [0, 7] dyHkml f i
Oy/Ib-IKUX JIWCHUX CTAJIUX Ci, C3 .

Teopema 8.4 (mpo onHO3HAYHY PO3B’s3HIBCTH 3a/a4i (8.14), (8.15)). Hexat das desrozo
Hamypaavrozo k 6 tnmepsaai |a, b surkonyemovcs nepisHicmo
k2m? k+1)2n?

KT g < VT

(b—a)? (b—a)?
i Kootcha 3 060X Hepinocmel € cmpozoto xowa 6 6 00niti mowyi 3 |a,bl. Todi kpatiosa 3adaqa
(8.14), (8.15) mae odun i miavku 0dun po3e’azox npu 6ydv-aAKit nenepepeHit Ha NPOMIHCKY
la,b] ¢pynruii f i 6ydv-axux diticnur cmasux ¢y, Co .

JloBecTn TeopeMy CaMOCTiiTHO.

8.4 KpaiioBi 3aga4i 3 mapamMeTpom

Axmo koedirientu ogHopigHOrO piBHsHHs (8.10), abo KpaitoBux yMoB (8.29) 3ajexkarh Bif
JIESIKOTO TIapaMeTpa A, TO 3a MEBHUX yMOB iCHYIOTHL TaKi 3HAYeHHs OO MapaMerpa, JIJist
SIKUX KpailoBa 3a/iada Ma€ HeTpuBiaJibHuil po3s’sa30K. 111 3navenns napamerpa A Ha3UBAIOThH
BAACHUMU 3HAYEHHAMU, BIIIOBIIHI PO3B’A3KM KPAtoBOl 3a/a4i - eaachumu gyrryiamu. 1Ipu
TUX 3HAYEHHAX A, K1 € BJaCHUMU 3HAYEHHAMU , MA€ MicIle JPYTUil BUIAJIOK aJIbTePHATUBH,
a IIPU PEITi — MepIInii.

ITPUKJIAJT 8.7. 3uaiitu BiaacHi 3HaUeHHs 1 BracHi GyHKINHT 3a/1a4i
v — M =0, u(0)=0, wu(d) =0.

Po3w’ 3annga. Crnouarky moMmidaemo, 1Mo HETPUBIAIBHI PO3B I3KM IIi€l 33,1891 MOXKYTh

icnysatu Tinbku npu A < 0. [lokmamaemo A = —a?, a > 0. I3 pisustnug i ymosu u(0) =0,
orpuMyeMo, mo u = csinat.3 ymou u(d) = 0 Burmmsae, mo csinad = 0. 11106 po3s’s30k
6yB HeTpuBiagbHUM, Tpeba, Mob ¢ # o, ad = 7k, k=1,2,.... Tomy
k A
a=a,=—, M=—|—1], k=1,2,....
=2 o= (F)
Uncna Ay — Brachi 3HavenHs, a GyHkuil u(t) = csin ™ — pracui dyHKIiL.

BaxkmmBum okpeMuM BHIIAIKOM 3a/1a4i Ha BJIaCHI 3HavdeHHsd € 3adava [IImypma- Jliysiiia

4 (05 ) ~ a0+ an(tya =0,

au(a) + pu'(a) =0, ~u(b) + du'(b) =0,

ne dbyukuii p, p', q, p — wenepepsui na [a,b], p(t) >0, p(t) >0 npu t € [a,b], a* + % >
0, Y2+ 62 > 0. TyT MOKyTb OyTH i HEPO3IIEILIEeHI OHOPIIHI KpaiioBi yMOBH.

asti 3a3nadumo, 10 B 3a/la9aX Ha BJIACHI 3HAYEHH 1 BJIaCHI PYHKIIT He TITbKH Koedirri-
€HTH OJHOPITHOTO PIBHAHHS, ajie 1 KpalloBl yMOBHM MOYXKYTh 3aJI€’KaTU BiJl TapMeTrpa A .
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IIPUKJIAJI 8.8. 3uaiitn B/1acHi 3HavUeHHS 1 BjacHl MYHKINT 3a1adi
u’ + XNu=0, u0)=0,-BNu(l)+u'(1)=0, B =-const.
[Ipu A = 0 3aragbpHuil po3B’s30K PiBHAHHS
u(t) = Cit + Cy.

[ligcraBusmu B kpaiiosi ymosu, gicranemo C7; = 0, 1o6To u(t) = 1 € BiacHO©O QYHKIEIO,
sIKa, BIJITIOBI/Ia€ BJIaCHOMY 3HadeHHIO A = 0.

I[Ipu A #0
u(t) = Cy cos At + Cy sin .

mijicraBaseMo B KpaiioBi ymoBm: Co\ = 0. O1ke,
u(t) = C} cos At,
—BA2Cy cos A — Cysin A = 0,
3BIACH IICTAEMO PIBHAHHA JJId BU3HAYEHHS BJIACHUX 3HAYEHD
tg A+ = —f\ (xapakrepucTudHe PiBHAHHs JaHOT 3a/1a41)

Mozkna mokazartu, HAPUKJIa, rpadidHo, 10 1e PiBHAHHS MA€PiBHI 3a MOJIyJIEM 1 IPOTHIE-
’KHI 3a 3HAKOM KopeHi A,, k = 0,4+1,4+2 .... Otxe, BracauMu YHKIISIMEA JIBHOI 3312491
€

u(t) = Cy cos At

e Ag=0< A <A <...< )\, <...,— 3pocraiova IOCJiIOBHICTh BJIACHUX 3HAYEHDb, YKi €
abcrimcaMu TOYOK neperuny rpadikiB dyukmiit y =tgA i y = —F\.
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